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A complex analytical method of solving the generalised Dirac-Maxwell system has recently been 
proposed by two of us for a certain class of complex Riemannian metrics. The Dirac equation 
without the field potential in such a metric appeared to be equivalent to the Dirac-Maxwell system 
including the field potentials produced by the currents of a particle in question. The method 
proposed is connected with applying the Fourier transform with respect to the electric charge treated 
as a variable, with the consideration of the mass as an eigenvalue, and with solving suitable 
convolution equations. In the present research an explicit calculation based on linearization of the 
spinor connections is given. The conditions for the motion are interpreted as a starting point to seek 
selection rules for curved space-times corresponding to actually existing particles. Then the same 
method is applied to solids. Namely, by a suitable transformation of the configuration space in terms 
of elements of the interaction matrix corresponding to the Coulomb, exchange, and dipole integrals, 
the interaction term in the hamiltonian becomes zero, thus leading to experimentally verificable 
formulae for the autocorrelation time. 

Introduction 

Following the previous papers by two of us [1, 2] 
concerning the description of elementary particles in 
terms of real- and complex-Riemannian manifolds, 
here we deal with the construction of fields connected 
with particles and regarded as a deformation of the 
particle space, thus providing a natural continuation 
of [3]. By analogy to the general relativity, where the 
gravitational field and the space curvature are tightly 
related, the appearance of a particle determines the 
space geometry whose properties reflect the particle 
properties and describe the fields produced by them. 

In the quantum field theory the particles and fields 
are described by the Dirac and Maxwell equations, 
forming a self-consistent system with respect to the 
potentials and currents. In this case the Dirac equa-
tion without the field potential, but considered in 
terms of complex-Riemannian geometry, is equivalent 
to the Dirac-Maxwell system including the field po-
tentials produced by the currents of a particle in ques-
tion. Taking into account the analogy to the gravita-
tional field mentioned above, the connection 
describing the particle geometry can be interpreted as 
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a field produced by a considered particle. Thus, the 
connection as well as the geometry can be found by 
means of the Maxwell equations whose solutions are 
electromagnetic potentials produced by the currents 
taken in a considered geometry. 

The solutions of the Dirac-Maxwell system have 
been found by generalising for certain curved space-
times [4,1] the method suggested by Gaveau and 
Laville [5]. This method is also extended in the case of 
the present considerations (following [1]) by treating 
the mass in the uniform way as the charge. More 
precisely, in [3] the electric charge e has been treated 
as a real variable whose conjugate variable e is consid-
ered the real part of the complex variable e + i 9. This 
means that the space-time in question has been 
treated as a typical fibre in the fibre bundle generated 
by the spectrum of all possible charges. In the present 
contribution to this question we use uniformly the 
charge and the mass as independent variables investi-
gated in the direction of determining the spectrum of 
all possible electric charges and all possible masses. As 
far as the mass is concerned, it is treated as an eigen-
value m of the wave equation resulting from the Dirac-
Maxwell system. 

In general, the connection constructed of the basis of 
the space-time metric is chosen in the complex form 
since the interactions described by this connection can 
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be related at least to the electromagnetic as well as 
nuclear forces. This means that the elements of the 
metric are also of the complex form and their real and 
imaginary parts correspond to different types of inter-
action fields. In the light of this remark the Dirac-
Maxwell system can be regarded as a generalized sys-
tem of coupled equations for particles and fields 
including the Maxwell and Yang-Mills fields. 

An explicit calculation based upon linearization of 
the spinor connections (the generalised Christoffel 
symbols) is given. Consequently, the generalised 
scheme of the solution of the Dirac-Maxwell system in 
a complex-Riemannian geometry is taken as a tool for 
seeking selection rules for curved space-times corre-
sponding to particles existing in reality. 

Finally, it is observed that the method has its 
macroscopic counterpart for crystals: thin films and 
bulks as well. A suitable transformation of the interac-
tion matrix corresponding to the Coulomb, exchange, 
and dipole integrals can, on one hand, let the interac-
tion term in the hamiltonian be zero and, on the other 
hand, can be interpreted as a transformation of the 
configuration space, as announced in [6], Sect. 3, 
yielding - in terms of changing the topology and the 
Riemannian structure of the space - a fictitious change 
of the (in)homogeneity of the sample in question. This 
leads to relatively simple formulae for the correlation 
function and so to experimentally verificable formulae 
for the autocorrelation time. In particular, the soliton 
case for monoatomic layers close to the surface is 
clearly distinguished. 

1. The Dirac Field and the Electromagnetic Field 

In the Minkowski space-time M 0 , treated as a 
space of observations for a given particle, the Dirac 
equation in the presence of a self-electromagnetic field 
A reads 

D0if/ o = 0, • A=j0, Div A=0, (1) 

where, locally, D0 = yk
0[(d/dxk) + i eAk] + mI4. Here i 

is the imaginary unit, while m = m0 c/h and e = e0/h c, 
where m0 and e0 denote the rest mass and electric 
charge of the particle in question, respectively, with 
the usual meaning of c and h. The Einstein summation 
convention is applied throughout the paper. We treat 
i//0: M 0 - > C 4 as a spinor in the usual sense [7], while 
}>o denote the Dirac matrices, obtained by the commu-
tation rules yJ

0 yk
0 + yk

0 yJ
0 = 2 rjjk where T? denotes 

the Minkowski metric and / 4 the identity 4 x 4-matrix. 

In particular, we may take the representation 

7o= - / 
0, 

0; 
j = 1,2,3; 7o = — i 

12 u2 
l02 -12. 

where Oj are the Pauli matrices and 0m is the zero 
m x m-matrix. The symbol j0 in (1) denotes the current 
generated by if/0\ 

jo = € <Ao Vojk •Ao' 7ojk = (7ojk' 7ojk' 7ojk' 7ojfc)' 

where il/J0 stands for the complex conjugate of iJ/J0. 
Still, following Kaluza and Klein [8], gravity and 

electromagnetism can be unified by making use of five 
dimensions which are the four-dimensional space-
time M 0 and the one-dimensional space which, com-
pactified, as S l 5 gives rise to a 1/(1) gauge symmetry 
[9]. Following [10], Sect. 6, consider the Clifford ma-
trices yß, p= 1, 2, 3, 0, corresponding to the purely 
imaginary Majorana representation of the Clifford 
algebra C 1 3 ' 1 ' . Then y^ can be expressed by the 
usual 4-dimensional Majorana representation yß, p = 
1, 2, 3, 0: 

07 0 0a 

7i = l 

yM 
_ - y 4 04_ 

o2 e, 
0, o, 

y0 = l 

y i = i 

0n 0 

•0o 0 
o, e 

o, e, 
o 

1 0" Q 0 a 
0 1 - - 1 0 

The matrices yß can be "diagonalized" with help of 
the following transformation S: 

04_ 

S = 2 _ 1 / 2 " K iU 

- v _ i / 4 
(2) 

As remarked in [10], S fully determines the transfor-
mations shown by arrows in the list of four possible 
mathematical descriptions of the field in question: 

C(3.U K 0. 
0A - I 

(SO-hyperbolic case) 

C(3.1)f 04 
0, ' 4 4 . 

(symplectic case) 

(3) 

The notions of SO-ellipticity and SO-hyperbolicity 
refer to the groups S0 (0 , s) and SO(l ,s) , and are 
defined in [10]. 
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> 0 _ 

Confining ourselves to the symplectic cases in the 
scheme (3), we decompose \j/0 in (1) into two four-di-
mensional spinors ip + and iJ/_ so that 

^ 2 - ^ o k +i«A_), s 

After the compactification the original space-time has 
to be replaced by a fibre bundle BM , M = M 0 x S 1 ; 

with a four-dimensional base space of index 1 or 3 -
say: M 0 , and with a one-dimensional compact typical 
fibre - say: St. The vacuum solutions corresponding 
to B m are obtained from the equations of the gravita-
tional field with the energy-momentum tensor zero. 
Thus, in the vacuum case the pseudoriemannian ten-
sor of B m has the form 

[g°ab] = 
K v l o 

o T 1 
0 being the zero 4 x 1-matrix, 

where, as before, rj denotes the Minkowski metric (we 
may take the anti-Minkowski metric as well). Then 
the Kaluza-Klein ansatz (set-up) says that for the low 
energy theory (zero modes) the pseudo-riemannian 
tensor of BM has the form 

Iff ab] = 
[rj^ + e2 AßAv] [-eAß] 

[~eAv] 1 
(4) 

If we denote by R the radius of S1, then the above 
metric is invariant under any transformation of the 
form 

= t ' = T + K0(X), A'^Ap-iR/^d^ix), (5) 

where dfl = d/dxß. The Dirac equation in (1) becomes 

{ - IV [9" ~ i (£/R) A 1 + 0r U } <Ao (*, t) = 0. 

By the transversality condition 0T i\j/0 = (i/R)\l/0 we 
have IJ/0 (x, T) = IJ/0 (x) exp [(i/R) T] so that 

{-yM [8* - i (e/R) A."] + (i/R) J4} \J/Q (x) = 0. (6) 

Consequently, in the symplectic cases in the scheme (3) 
the Dirac equation (6) describes the Dirac field of mass 
~ 1/R, interacting with the electromagnetic field. The 
SO-hyperbolic and SO-elliptic cases in the scheme (3) 
correspond to the space of observations and the space 
of the particle, respectively. The transformation S in (2) 
fully determines the transformation between these 
spaces, defined non-effectively in [2] by formulae (2.2). 

The five-dimensional Kaluza-Klein theory has been 
analysed here as a toy model of more realistic theories 

£(8Ä + 3, 1) 

£(8fc + 3, 1) 

in which the scheme (3) is 

(SO-hyperbolic case) 

~hn ö±n 
(symplectic case) 

with n = 24k + 3 , k = 0, 1, 2, 

£<8fc + 5,l) 
0±n — I in 

(SO-hyperbolic case) 

0\n Un 

~ h n 0±n 

(symplectic case) 

with n = 24k + 4, k = 0, 1, 2, 

-̂-(8fc + 5,1) 

Oin hn \ 
- I \ n 0 i n ] J 

(symplectic case) (8) 

U_n 

0±n —I in 

(SO-elliptic case) 

^(0,8fc + 6) 

2. A Complex-analytical Method 
and its Physical Interpretation 

The mathematical description of the SO-elliptic 
case in the scheme (3) or (7) or (8) given in [10] provides 
an additional argument to those in [5, 11] for consider-
ing the space of the particle as the product complex 
manifold determined by real-Riemannian four-dimen-
sional manifolds (N ? , ge) and (N„, gn) whose intrinsic 
properties express the external electromagnetic and 
external nuclear fields, respectively. More precisely, 
we have to consider a supercomplex fibre bundle gen-
erated by those manifolds with the supercomplex 
structure determined as in [12], but we shall leave this 
very formal question to a separate, more mathemati-
cal paper. 

As in [1], in order to simplify further considerations, 
we suppose that the topologies of Ng and N n as well 
as their maximal atlasses coincide, so we are going to 
use the single notation N . We stick, however, to the 
assumption that the metrics g? and gn are different, in 
general. Let us form the complex metric 

g = ge + ign (9) 

and consider N a real-Riemannian four-dimensional 
manifold, endowed with the Riemannian complex 
metric g. We are interested in the spinor solutions on 
M of the generalised Dirac equation in the presence of 
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its field i r/e (expressed by a suitable deformation of 
the space of observations): 

£><A = 0, Ur=-iej, DivT = 0, r = n - i T e . 

The field is regarded as self-electromagnetic and, at 
the same time, as self-nuclear. The real and imaginary 
parts of the (local) spinor connections rk are inter-
preted (locally) as components of the nuclear and elec-
tromagnetic fields, respectively. In a local co-ordinate 
system (x1, x2, x3, x°) the general Dirac operator reads 

D = yk[(dßxk) + rk] + mh- (11) 
The symbol j in (10) denotes the complex current gen-
erated by if/: 

j = e ^ y j k r , Vjk=(yjk, 7jk* y%, 7%), (12) 

where t p stands for the complex conjugate of ijtK 
More generally, we can assume that the different 

parts r n and iT- of the connection r satisfy different 
equations. In particular, the Yang-Mills equation for 
r n and the Maxwell equation for can be attained. 
Let us notice, however, that we can choose the ele-
ments of metrics in such a way that the Yang-Mills 
equation is reduced to the Maxwell equation [13]. 
Thus the form introduced in (10) is of a general char-
acter and allows us to include different types of fields 
described by the same equation, but considered on 
different manifolds. 

The complex-analytical method [1] of solving (10) 
can be summarized by the following result: Suppose 
that N is a C°°-differentiable four-dimensional (real-) 
Riemannian manifold with complex metric (9), where 
ge and gn are (real-) Riemannian. Let, further, 
N->C 4 be a Cx-differentiable solution of (10) with D 
given in a local co-ordinate system (x1, x2, x3, x°) by 
(11), where r = (Fk), k= 1, 2, 3, 0, and rk are the spinor 
connections on N. Then this system is equivalent to a 
system of the form 

[A* (81 + J e F ° ) - ( - 1 )k a\ (82 + i e r2°)] IJ/k 

l [ a \ d i + a l d ° - c 1 { e ) + m](i>2 + b i{d0 + i e r ^ ) 4 , 0 

for k = 1, 
[a2 8* + a2 8° + c1 (e)-m] + b1 (8° + i e F0°) ^ 

for k — 2, (13) 
[al 83 + a 3 8° + c1 (e)- m] 0° + b2 (8° + i e ro°) </>2 

for k = 3, 
[a°83 + a° 8°-c° (e) + m] 0 3 + b2 (8° + i e F0°) 0 1 

V for k = 4; (14) 
[jT=-iej, Div r = 0, 

under the conditions 

a[ [g] = 1 for k = l , 2 and bj[g] = 0, 

Ar°=-iej, div T° = 0, divy° = 0, 

where the complex-valued functionals a{, bj and c j (e) 
depend, in general, on g, but do not depend on the 
operators = d/dyk and, in addition, a[ and & do not 
depend on the parameters e and m. 

Moreover, any solution of the system can be ex-
pressed in the form 

</>3-03=y2[</>°-</>°], r - K ^ Y i 1 ^ 3 - ^ ] , (16) 

where 

Yj m = Yj {y1, y2, y\ y°, e, m, ijf (y\ y2, y\ y°, e, m)) 

for ; = 1 ,2 

^ = <Pk(y1 + iy 2 , e, F(y\y2)) for fc=l,3, 

0o = (/ - i y2, e, F (y1, y2)) for k = 2,0, 
F(ri,y°2) = $K(y\y2,yly2) 

c 

• [(&1 $2 + tf>2 01)- i (02 - &1 4>2)] dy1 dy2 , 

l 
K (y\ y2, y1

0,yl) = jhog\tz0-z\dt 

= - l + l o g 

4|z0 

o 

z 0 - z 
z 

2 i „ | 2 

z0 z + z zc 

4 | z n | 2 log 

z | 2 + (z0z + zz 0 ) ' 
\z0\2[4\z0\2\z\2-(z0z + zz0)]l 

•Arc tan i20r 
2 | z 0 | 2 | z | 2 - | z 0 | 2 ( z 0 z + z z 0 ) - z 0 z + z z 0 ) 2 ' 

The functions # = <Pk(y1 + iy2, e, 0), k = 1,3, and 
$ = <Pk (y1 — i y2, e, 9), k = 2, 4, are the partial Fourier 
transforms with respect to the variable s of arbitrary 
four functions x¥k: (C2-»(C, holomorphic for k odd: 
*Pk = 'Fk(y1 + iy2, e + iß), k = l,3, and antiholomor-
phic for k even: <Fk = *Fk(y1-iy2, e-i9), k = 2,0. 
The transformation is determined by substituting 
the expressions (15) into (13) and, similarly, 72 by 
substituting the expressions (16) into (14). 

The effectiveness of the method leading to explicit 
formulae is caused by the three reasons at least. 
Firstly, replacing the usual space-time by a curved 
space-time does not affect the idea of applying the 
Fourier transform with respect to the electric charge e 
treated as a variable. Secondly, canonical spinor con-
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nections rk , k = 1, 2, are constructed and expressed as 
G *j k, the convolution * of the Green operator G with 
the canonical currents jk. The interpretation of this 
formula corresponds to the construction of the elec-
tromagnetic potential TQ for = g in the case of elec-
tron distribution with the density g: the 0-component 
of the current is then the electron density. In such a 
way the potential of the self-consistent field is deter-
mined in the many-electron theories, e.g. in the theory 
of Hartree. Thirdly, in contrast to the usual procedure 
of solving the equations 

afcM = 0 f ° r k = 3 ,0 and cj (e, m) = 0, 

cl (e) 4>2 = m <fi2, c 2 ( f ) 0 1 = m 0 1 , 

c°(i) (j)3 = m<t>3 

before (13) and (14) and then bringing back the solu-
tions in (13) and (14), here the order is successfully 
reversed [4, 5,14]. 

It is clear that the system (13)—(14) can be consid-
ered a starting point to seek selection rules for curved 
spaces of particles corresponding to really existing 
particles. In such a way we have converted a hyper-
bolic problem concerned with the system (7)-(8) in [5] 
to an elliptic one concerned with the system 

for k= 1,2 and bJ[g] = 0, a]M = 1 

AT°= —iej, d i v r ° = 0, divy° = 0. 

Such a result gives an additional information on the 
transformations v? and vn of [2, 3,11], describing the 
correspondence between the space of the particle and 
the space of observations. Another characterization of 
this correspondence has been determined in the pre-
ceding section in terms of the transformation S in (2). 
Besides, by that section the hyperbolic and elliptic 
problems mentioned here can be specified as SO-hy-
perbolic and SO-elliptic ones. 

Still, in the light of the preceding section we have to 
study more carefully the conclusion that in the sym-
plectic cases in the scheme (3) the Dirac equation (5) 
describes the Dirac field of mass ~ 1 /R, interacting 
with the electromagnetic field. To this end we have to 
linearize the spinor connections r k appearing in the 
Dirac operator (11). 

3. Linearization of the Spinor Connections 

Following [3], we are going to linearize the spinor 
connections r k ; thus we assume 

yJ = oc{ y'0, dk = d/dxk = ß[ <3°, (17) 

where y^ and correspond to the Minkowski case. 
We are interested in studying the effect of the local 
Gateaux variation on the Minkowski metric r/Jk con-
sidered in the curved (pseudo-riemannian) space-time 
- the space of observations M corresponding to the 
space of the particle N § x N„ in the sense of [2]. There-
fore the metric of M is real pseudo-riemannian. With-
out ambiguity we shall denote it in this section by g 
and, locally, by [gjk] in contrast to Sect. 2, where g 
denoted the complex-Riemannian metric of N ? x N„ . 

We suppose that 

a/ = a{{t) = ö{ + tö a/ + o (r), 

ßl
k = ßl

k(t) = öl
k + tößl

k + o(t), (18) 

where Sj denotes the Kronecker symbol and the sup-
ports of öocj and ö ß[ are compact. By (17)—(18) and 
the commutation rules for yj, in particular for yj

0, we 
get 

0ik = hk + tÖ9ik + o (t), gjk = rjjk + tögJk + o (t), 

9jkU = i ( y V + y V ) , rjjkU=±(yiyk
0 + yk

0yi). (19) 

Since gjk glk = öj,rijk r]jl = ÖJ, we arrive at the formulae 

Ö9ik= ~ 
rj0'0 ... rj0'11'1 r]l m ög0,m r]0'k + 1 ~0'3 

i f 3 - 0 . . . » , 

...rj 

Xk~1rj Umdg3'm rj3'k~1... i/3'3 
/det fo"], (20) 

rj0'0 .. ^ 0, m — 1 . I/0 '3 

1 yl-l,m+ 1 

jl+ 1,0 ^1+1,m-1 + 1 

r,3'0 .. yj 3,m- 1 yj 3,m+ 1 .. r,3'3 

/det [rj jk], (21) 

ögjm = rjlk ( ö j öam + öm faj) = ^ jk fam + rJlm faj (22) 
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From (20)-(22) we infer, in particular, that the sup-
ports of öglk and ögjk are compact (we have also 
bgik^-tijiVmk ögjm)-

Now, we can calculate explicitly öTk; we recall that 

rk = {y' (dk 7i - 7/ rjlk) - j2Tr (y yJ dk yj) y 

with yj=gjk yk and y = £ sjklm yl yk yl ym, where sjklm 

denotes the totally antisymmetric Levi-Civita tensor 
and r j k the usual Christoffel symbols: 

91m r!k = \ ( d j 9mk + dk 9jm-dm9jk)- (24) 

We have 

ö(y>dk yj) = ö[(öl. + tö<xj.)r,i(ök
kk + tößk

k')] 

•d°A(rijl + tögjl)(öl
m + tö«l

m)y'Z] 

=yJo 7o 4 skf VL 4 tgji+nji ft 

=yi>'öj
ryXök

k(d°k.ögjm+r1jld0
k.ö*l

m) 

=ylyo(ftSgjm+öjld0
kö^l

m). (25) 

Since 7I = ö'/m ym, then, in analogy to (25) and, by (24), 
we get 

<5 (7-17« r;k) = [y 'ym ( d j g m k + dk gjm-3m gjk)] 

= I yl' 7o 4 »Z- <5 + ' ößD ör (smk +1 ögmk) 

Hökk" + tößk")ö°.(r,jm + tögjm) 

-(ÖZ" + tößZ")ö°m..(rjjk + tgjk)] 

= \yjo *}• 7o C tff ^r + ft ögjm-e°m ögjk). (26) 

Next, we observe that y = y0 + o(l), 7o=i^*/m 
' yl 7o 7o 7o > a n d obtain 

(5 [Tr (y yj dk y,) y] = Tr [y0 Ö (yj dk y,)] y0. 

By (25), further direct calculation gives 

ö[Tr(yyjdkyj)y] 

= Tr [y0 y^ y0m (dfc
0 ögjH + fy ft ö«lJ] y0 . 

From (25)-(27) we infer, by (23), 

»rk = i yJo y0m [d°kÖ9Jm + rijt 3°kö«lJ 

~ j (dj Sgmk + dk ögjm-dm ögjk)] 

~ £ Tr [y0 y^ y0
m (c5k

0 <30,m + ^ 0° öol'J] y0 

or, equivalently, 

^ = i 7o (5? <5,-7? - 1 2 T r (7o 7o ty 7o' (28) 

al. • Particles in Terms of Complex-Riemannian Geometry 

where, in analogy to the notation (23) and (24), we set 

<5j = 7o (Sgjm + I j i ), 7o = h Rikim 7o 7o 7o 7o - (29) 

5 + Sgjm—dm tgjk). (30) 

Finally, the generalised Dirac operator (11) in the 
curved space of observations M becomes 

D{t)=yk
0d0

k+mh + töD + o(t), (31) 

where 

ÖD = ö[(ölj+töotj)yi(S* + töfi)d°] 

+ ö[ök + töcxk)yi)rk] 

= yl (ök ö«} + ö'j ößk) ft+ yl öJ ök 8°k ö + ök yl örk 

= yl(özk + ößk)ft + yk(ftö + örk). (32) 

Consequently, the generalised Dirac equation in the 
system (10) is reduced to the system of 16 real equa-
tions with respect to the Gateaux variations öcck, de-
termined by means of the explicit relations (17)—(22) 
and (28)-(32). The elements of the metric are explic-
itly and linearly determined by the spinor connections 
and vice versa, thus giving a further example and 
progress in the research programme formulated ear-
lier by Gaveau and two of us [15]. The resulting Dirac-
like equation concerns the space of observations in 
which the particle characterized by the mass m ~ \ / R 
is situated within the electromagnetic field Aß pro-
duced in a self-consistent way as the realization of the 
curve of the space of the particle. 

The main part of the result obtained deals with the 
determination of the particle detected in the space of 
observations as a realization of the curved space-time 
associated with the particle. Namely, the relationship 
between the mass and the radius of S^ lets us deter-
mine the mass through the correspondence between 
the radius and the metric of the space of the particle. 
According to the Kaluza-Klein theories [9], the radius 
of is fully determined as the constant for which the 
transformation x' = x + R(f) (x) in the fifth dimension 
remains invariant; cf. (5). 

The Dirac-like equation in the space of observa-
tions has been obtained by linearizing the metric of 
the space of the particle with respect to the coefficients 
ct{ in (17), transforming the Dirac matrices to the 
space of the corresponding Clifford matrices. Thus 
the spinor connections rk characterizing the potential 
of the field have been determined in linear approxima-
tion as the local Gateaux variations ÖTk with the re-
spect to (5a/. The linear approximation, giving the 
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first non-vanishing increment to the potential, is con-
venient from the viewpoint of physical applications by 
the reason of giving an explicit possibility of mutual 
determination of parameters in the potential and in 
the endomorphism [a/] acting on the Dirac matrices. 
In this approximation the potential of the field is 
effectively determined by the metric; cf. (32). The role 
of the potential is, in fact, played by the increments 
Ö rk to the spinor connections given by the formulae 
(28). They include the parameters Al

jk given by (30) 
which depend on the variations ög j k of the metric 
exactly in the same way as the Christoffel symbols rl

jk 
depend on the metric itself. Then the dependence of 
drk on Al

jk has a remarkable analogy to the depen-
dence of rk on rjk, cf. (28) and (23). 

charge. The last case, including the electron-nucleon 
interactions, is more complicated but the formulation 
of the problem, described below, can easily be ex-
tended to the general case without any extra assump-
tions; only with some complication of the resulting 
formulae. Thereafter, we concentrate on an arbitrary 
many-electron system in an exterior field. Indepen-
dently of the fact whether we are dealing with a thin 
film or a bulk with an interior atom together with its 
nearest neighbours or with an adatom with its nearest 
neighbours restricted by a surface, we are interested in 
a system of k + 1 electrons. If these electrons belong to 
n atoms, we have a decomposition k + l=k1 + ... + kn. 

Then the Dirac equation in the system (1) becomes 
a Breit equation [16] extended for k+1 electrons so 
that 

4. The Own Field and the Demagnetizing Field 
of the Ferromagnet 

Till now we have discussed properties of individual 
elementary particles described in their own spaces (of 
the particles) with a strictly determined metric (9); cf. 
[2], formula (1.2). The metric was responsible for in-
teractions with the external field. Now we turn our 
attention to the construction of an equation for a 
system of mutually interacting particles. The most 
typical example concerning collections of elementary 
particles appearing in nature are the atomic nuclei as 
sets of nucleons and also the atoms, molecules or 
systems of atoms forming crystals or - more generally 
- systems of condensed phase in which sets of elec-
trons appear. 

From the viewpoint of elementary particles these 
sets of electrons may be treated as sets of mutually 
interacting electrons, submerged in the exterior field 
of suitably distributed nuclei. In the most general for-
mulation the electrons have to be treated as sets of 
mutually interacting electrons which interact with the 
nucleons of each atomic nucleus. In the latter case all 
the interactions are expressed by interactions between 
elementary particles: electron-electron, electron-nu-
cleon, and nucleon-nucleon, where the individual 
properties of the particles are described by the equa-
tions corresponding to these particles. 

The simplest case is provided by an atomic nucleus 
consisting of mutually interacting nucleons. Other 
simple examples are constituted by crystals which are 
considered collections of electrons interacting in the 
field of atomic nuclei treated as the point sources of 

D0 — H — E, H= X HJ + {hec): 

• z z — 
i*y rjy 

j= i 

l . l 
I aJ aJ +—r-(a7r-.,)(aJ r».) 

2 2 r 

Here E denotes the total energy and H the total hamil-
tonian. H is the sum of the hamiltonians Hq, q — 1,..., 
k + 1 , of individual electrons and the interaction term 
Hint which includes the demagnetizing term 

H A e m = - ( h e c ) 2 X X - 3 1 1*1' ra 

where rqq. stand for the euclidean vectors between the 
qth and q'th electrons, and r . for their euclidean 
distance. Similarly, <xq denotes the g-dependent coeffi-
cient matrix [a/] for the q-dependent generators yqJ of 
the Clifford algebra corresponding to the qth electron, 
as indicated in (17), chosen in the imaginary Majorana 
representation. Of course, v = 2Ak + 3. 

Now, each Hq can be expressed as 

Hq = ( y 9 0 ) - 1 Dq, Dq = D% + Dq - i e yq0 Aq, 

q = 1,..., k+1, 

where yq0 is the vector whose components are 0-com-
ponents of the generators of the Clifford algebras cor-
responding to the qth electron: yq0 = Iv, v = 24fc + 3 , or 
y « 0 = - i y * p (cf. (12) in [17], while 

Dq
0 = yq0[(d/dx°q) + ieAq], 

D\=yql[(d/Qxl
q) + ieA1]+Ivm, / = l , . . . , p - l . 

We are going to reduce, according to the scheme (7), 
the system of k + 1 interacting electrons coming from 
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the n atoms in question to the system of k +1 free 
electrons considered individually in the external 
2 4 k + 3-dimensional field caused by the remaining elec-
trons as described by the Dirac-Maxwell system of the 
type (11): 

DQf« = 0, • prq=-iej\ Di\pTq = 0, 

where p = 8/c + 5, 

with the usual meaning of • = n p and Div = Divp in 
S, dim S = p, S containing the domain of definition of 
"P9, and rq = i eAq. 

Precisely, according to [10], the SO-hyperbolic case 
in the scheme (7) is described by a pseudo-riemannian 
Hurwitz pair (BM, V) with metric 

[gab (z)] 

(*) + e2 A, Av] [e (x) K'a (y) g°st (y)] 

L [eA*(x)K(y)g°st(y)] [g°t(y)] 

where 

[g°ab(z)] = 
0 

o [g, t (y)] J 
0 being the zero 
4 x (p —4)-matrix, 

Aa (x) are gauge fields, 

AMAV: = Al (x) A£ (x) Kl (y) K< (y) g°st (y); 

x = ( x " ; p = 0 , . . . ,3 ) , y = (y s ; s = l , . . . , p—4) , 

z = (z"; a= 1 , . . . , p) (34) 

denote local co-ordinate systems in MQ, M # , M, re-
spectively, M = M 0 x M # , Bim is a fibre bundle with 
base space M 0 and quotient typical fibre M # of a Lie 
group G and its subgroup G0, while Ks

a(y) are the 
Killing vectors connected with the transformations 
y s ^ y s + ea(x) K*(y) of the group G treated as the 
isometry groups of M # , (ea (£)) being an orthonormal 
basis of the tangent space S—T^ MQ at a point If 
(ea (0) is an orthonormal basis of Tc M at £ and ( e a n 
orthonormal basis of the 24fc + 3-dimensional real vec-
tor space V containing the ranges of all *Pq then, ac-
cording to the scheme (7), the scalar products (,)t_im 
and (,)v have to satisfy the relations 

[(e a(z), e"(z)) r r W] = 
0 8 FC + 4 

0T 1 
and 

[(er,es)v] = 
_0 iv —/^v. 

where v = 24fc + 3 and 0 denotes the zero lx (8 /c + 4)-
matrix. The metric (4) is an example of [gab(z)]. 

Now let ficT:M and feV. Suppose that Q 
contains with every a its inverse a " 1 provided that 

ß ) r ! M #0. Under the ß-ray generated by / in Tz M 
we mean the set of all vectors in Tz M obtained by 
successive multiplication of / by elements of Q, i.e. 
vectors of the form co f , co2 (a^ / ) etc., where co, CJOx , co2 

etc. belong to Q. In particular, we may consider a 
Tz M-ray V0 generated by / in V: V0 = (TZ M ) / . Argu-
ing as in [12] (Lemma 8) we conclude that V is a finite 
direct sum 

V= © Vq, where 
q= 1 

dim Vq = 2*k + 3 ~ m ^ : 

and 2m>k + \, (35) 

of mutually isomorphic real vector subspaces Vq, inde-
pendent of z and invariant under the action of T, M a s 
being Tz M-rays in V. Moreover, in each Vq the multi-
plication scheme 

sa(z)eq
s=i(yq'Ys(z)eq, a = l , . . . , p ; s,t = l , . . . , v , 

where (eqx) are some orthonormal bases of Vq, respec-
tively, determines uniquely the product a g for g e Vq 

and a e T_ M . 
With such a choice of the q-dependent generators 

yqa of the Clifford algebra corresponding to the qth 
electron, the block decomposition (35) of the space V 
yields the decomposition 

«P = 

•P1 0 
0 «P2 

with 

0 0 ...<P 

V 0, 02 

0 \ <P" 0 3 

LOl Ol /3. 

= z Yq-2mI2<k+3 
9 = 1 

Il=I 
I2=I 

2 4k + 3 - m ( 4 _ ! ) , 

24k + 3-m(2m-q) ' 

(0,0 i>02> 03) denoting the corresponding zero ma-
trices of the spinor *P involved (i.e. such that = 0, 
• p r = 0, and Divp T = 0) so that the associated Dirac-
Maxwell system is really of the form (33) with e.g. 

Dq = Dq + —— (y9° + /v 
h c 

1 H? 1 1 int ' q^k + l, (36) 

Dq = yq0 E (yj0rl^+^-(yq0 + I X 1 Z H{nt, je{lq] nc j=l 

q>k + l (37) 
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where 

89 

HL = {hec)2^— ( / v - h «•) + mem, 
j*1 rjq 

Hq
iem = \{he_c)2 I -\-(*«rqJWrqj), j*q rqj 

{lq} denotes the set (consisting of at least two elements) 
of those j for which (y7 0) - 1 DJ depend on exactly lq 

degrees of freedom among 4 ( / c + l ) + l possible. The 
total number of possibilities is 

i 4k + 3 /4k+ 3 

1 = 0 \ / 
= 24 

and hence, by (35), we conclude that m = 4k. 
In order to have a full generality, we need to pass 

from the collection of tangent spaces TZ1M, i.e. from 
the tangent bundle TIM, to the manifold M( the space 
of observations) itself. In terms of the tetrad formal-
ism, if x, y, z are as in the formulae (34) and £(z; z0) 
= ((a)(z;z0) are local co-ordinates in M around a 
point z0 (interpreted as inertial ones), then 

(0/en a; = d/dza, ct, a = \,..., p, 

where X is the field of tetrads: 

"[<(x;z0)] [Aß(x; z0) Kj
ß(y; z0)] 

0T [X\(y;z 0)] 
(38) 

and, as before, 0 stands for the zero 4 x (p —4)-matrix. 
The base vectors ea(z0) have to be replaced by ea(z; z0) 
according to the multiplication scheme 

e'(z;z0)eq = i(yqaYs(z;zo) . a=l,...,p; 
s, t = 1 , . . . , v, 

where 
yqa(z;z0) = Xa

a(z;z0)yq°(z0). 

Similarly, for the covariant derivative Va, we have 

Y, = K(da+ra), ra = x* x»ß 9bb. ra
b

a,, 
where rba• denote the generalised Christoffel symbols, 
in terms of a local co-ordinate system (34), given by 
the formulae [10, 18] 

9w C = V. lßb ~ i § ( d . gbb• + db. gab-db gab)]. 

The coefficients I a ß are the generators of the semi-
simple Lie group S O ( r + l , s ) in the representation 
D[A]: 

Iaß =(\/4i)[ya,yß] for a , ß * r + l , 

where A is defined by £'(z; z0) = A(z; z0) £(z; z0). Since 
all the geometrical objects involved are well defined 
globally, thereafter we shall skip in notion the depen-
dence on z0 . 

We are going to derive from the system of first order 
differential equations (33) with the operators (36) a 
system of second order differential equtions which 
contains the Clifford matrices yqa = yqa(z), z and a 
being, as in (34), only in terms which vanish in the 
absence of an electromagnetic field. To this end we 
multiply, for each q ^ k + 1 , both sides of the first 
system in (33) by the operator 

Dq = Dq
0 + D\-ieyq° Aq0, 

where 
Dq

0=-Dq
0 and D\ = -D\ + 2 / v m . 

Since {yqa, yqa} = 2 / v gaa', the system obtained, after 
multiplying through by he/2m, becomes 

2m 

+ i 

K g00 

2 hmc 

hec 

W2 + jhmc Iv(l —g00) 

+ i 

+ i 

2m 

hec 
2m 

he2 c 
2m 

hec 
2m 

hec 
2m 

(-Iv)gaa da(Aa) 

iyl(iy1' A1' df + Ay iyv) 

(-i,)gllA2 

\iZTylyl'(Fll, + 2ieAlAv) 

• iyly°(iFl0 — e(f) A^+H^ 

1 1 
iyliy°Wd, i y° (i y°){W + hmc) 

2m 2m 

+ 

+ 

1 
2m 

1 
2m 

he 
2m 

[d^iy1 iy°) + 2eiy°ylAl]W 

(/vöf00 d2-iyliy°dt)(W) 

[ ^ i y 0 i y ' - 5 0 ( / y 0 ) i y ' - 2 e i y i i y ° ( / ) ] d, 

ra,r+ 1 _ 
= - I r + 1, a 

= y ya 4= yqx (in general), + \ hcdl (iyl) i'y°— ihec iy° iyl A, 
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heC I , * n hec n , 
iyl<l>dl{iy0) + i^-iy0Ald0(jiyl 

2 m 

1 

2m 

nmc m m 

i — (ylAl + y°i4>) Hint}<P = 0, m 

where W, ^ y', /4t, ^ f , </>, F / r , tfint, Jf i n t , and «P 
stand for VF", H/, y«', dl, A\, (A?)2, etc., respectively, 
/, /' and a, a' range from 1 to p — 1 and p, respectively, 
Wq — Wq + hec (pq, Wq is the nonrelativistic energy of 
the qth particle: Wq = Eq-hmc, EqVq = hcdq

0 Vq, </>« = 
-iAq is its scalar potential, [Fq

a] = [dq(Aq
a) ~ dq.(Aq)] 

denotes the tensor of the electromagnetic field, and 
Hl^iy^ + IX'HU. 

The brackets () in the expression dt ( iy 1)^ etc. in-
dicate that the operator dl applies to iyl only. The 
condition Divp H = 0 in (33) with rq = ieAq gives 

g»*dq
a(A qa) + gaa'ra

b
a,Aq

b. = 0 , (41) 

where rba. denote the generalised Christoffel symbols, 
locally determined by (38) and (39). Besides, thereafter 
we suppose the system to be stationary: 

(/v g00 dq
0 — iyql iyq0 df)(Wq) = 0, q£k + l. (42) 

The global formulation of (40) will be discussed in a 
subsequent paper. 

5. Dependence of the Band Structure on Temperature, 
Oguchi's Theorem, and the Autocorrelation Time 

Finally, we are going to show that the relativistic 
approach to the many-electron problem as a general-
isation of the Breit equation given in Sect. 4, leads to 
the hamiltonian including interaction of higher orders 
with respect to the operators of annihilation and cre-
ation of electrons [3, 10]. This fact will indicate the 
dependence of the band structure on temperature, 
provide us with a proof of the theorem (following the 
theorem of Oguchi [19]) on the linear dependence of 
energy of the hyperfine interaction on the values of 
electron and nuclear spins, and lead to more precise 
formulae determining the autocorrelation time [20, 6]. 

The tensor [Fq
a.] of the electromagnetic field gives 

rise to the vector E1 = (ED = (i F,q0) which has to be 
interpreted as the intensity of the self-electric field of 
the qth electron and y.ql = iyql iyy0 are counterparts of 
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the Dirac a-matrices. Similarly, the diagonalization 

cflHq = \i Z (yqlyqV)Fq., (43) 
i * r 

where o q l are quadratic forms of (y" r), leads to the 
intensity Hq = (HD of the self-magnetic field of the gth 
electron and to its reduced spin vector a q = (aql). Then, 

(40) by (41) and (42), the system (40) can be rewritten as 

-7V g00 W = H0-Hinx + bl Hinl dl + b, (Hinl) + b2Hinl 

+ 8l
0Wdl + (81+e2HiJW + E'W2, (44) 

where 

h c 
H0 = heclyg00<t>-^- [dt iyl - d^iy')] iyv dv 2m 

+ ^U00ct>2-\hmcIx(\-g00) 2m 

hec 
i 

2m 

hec 
i 

2 m 

he2 c 

ivgaa'rb
aa.Ab 

iyl(iyl Av d. + A.d^y1') 

hec 
IvgllA2 + -^ZZ(^Hl-eylyl'AlAl.) 2m 2m / + r 

— i 
hec 
2m 

h c 

(cclE^ eyly° ({)Al)+ ^hciy0d0(iy°) 

2m 
[d0iy0iyl-d0(iy0)iyl-2eiyliy0<t>] d, 

\hc dt(iyl) iy° + iheciy° iyl A, 2 

hec hec 
+ ^-iylcf>dl(iy0)-i^-iy0Ald0(iyl), 

2m 2m 

b: = - - y l , bl = — ya8a, b2 = i—(ylA, + y°i(f)), 
m m m 

1 
e'o = ^ — ' V iy0-. 2m 

£i = ~~~ g°° <t> + \ hciy° d0(iy°) 
m 

+ ^[di(iyliy°) + 2eiy°ylAl], 
2m 

e2 = ( — 1/hmc) y°, sp
0 = IYg00/2hmc , 
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where W, H0, Hinl, Hinl, bl
0,b°,b°2, e^e,, e2,yl, 8l%At, 

4>, Flv, Et, H„ a', and a1 stand for Wq,Hq
0,..., b%1, etc., 

respectively. 
In a more concise form the system of (44) reads 

W = P(W) = H1+£°W+e1W81 + £pW2, (45) 

where, as before, W=Wq, W2={Wq)2, P = Pq, etc., 
except for ep which does not depend on q, and 

£o = ( - 0 o o r 1 ( e i + e 2 H i n t ) , 

fiP = ( —ö , 0 0)~1 £o • 

Consider the operator P. We are going to find the 
approximate solution to the system (45) by apply-
ing the iteration W, = P2{W) = P ° P(W) = P(P(W)), 
W2 = P3(W) = P° P° P(W), etc., where Wj=Wf, 
with the exactness to O(e 2), a = [(e0)2+ . . . +(ep)2]21. 

It is clear that to obtain the result calculated with the 
exactness specified above and independent of the un-
known nonrelativistic energy Wq, it suffices to make 
two steps, calculating W? and Indeed, we get 

W1 = ( / v + e° + e p Hx) Hx + e 1 8l + (e 0 ) 2 W 

+ ( e ° e ' + £ ' e ° ) W ^ + e V W 8V d, + e° e p W 2  

+ e pH1e°W + ep e° W H , + e' e° W 2 dt 

+ spH1elWdl + ep slWd,H1 

+ ep(H1 E p + E p H1)W2 + O(e2) 

and 

W2 = [/v + a0 + (e0)2] Hl + (sl + £° E l + E l e°) H, d, 

+ e 1 E l dl d v + { E 0 E p H l + E p H 1 E ° + E p E ° H 1 ) H l 

+ El£°H 2
ldl + Ep£lH1 d l H l + E p H l E

l H l dl 

+ £p{H1£p + e P H 1 ) H 2 + O(E 2), (46) 

where, as before, W}= Wf, E a = £ q a, etc. From the point 
of view of the order with respect to the interaction 
term Hinl of the hamiltonian, the expression (45) for 
W 2 can be rewritten as 

W ^ A A H . J + A A H . J + A A H . J + oiE2), (47) 

where 

A2(Hint) = (/, + e°) H, + e ' ( H i + e1' H.d^,), 

A4(Hint) = (e° e' + e 1 e°)H1 8l+e
p{e 1H1 8 l H { +e

1H1 dt), 

A6 (Hint) = (6°)2 H, + (e° E p H l + E p H 1 E ° + e p e° H1)H1 

+ E l E° H j 8 , + Ep(H1 E p + epHi) H\; 

A2 contains terms of the second order, A4 - of the 
second and fourth orders, and A6 - of the second, 
fourth and sixth orders with respect to \Hint\

2 or, 
equivalently, with respect to the operators of creation 
and annihilation of electrons. 

Indeed, the expressions obtained for the energy 
W = ]T W q of the system of electrons, placed in a field 
characterized by the geometry corresponding to the 
pseudo-riemannian Hurwitz pair (BM, V) in question, 
provide us with a starting point for describing the 
system in terms of the second quantization [21]. To 
this end, in a usual way, we associate with the energy 
W the hamiltonian H determined with respect to the 
operators of creation and annihilation of electrons via 
expanding the wave function into a series of eigen-
functions constituting system of solutions of the gen-
eralised Breit equation (33), being at the same time a 
general Dirac-Maxwell system, in the one-electron ap-
proximation. The structure of the hamiltonian H, 

yielded by the energy W approximated with the exact-
ness of o(e2) by W 2 = X Wf as given by (46), shows that 
H contains terms of the second, fourth and higher 
orders with respect to the operators of annihilation 
and creation of electrons: for instance, the addends 
composing the term A6 in (47) for W 2 generate contri-
butions of the second, fourth and sixth orders in the 
expression for H. 

The basic addends in the interaction matrix elements 
contain the terms known from the nonrelativistic 
theory, but the interpolation of one- and two-electron 
interactions indicate their more complicated character 
and the appearance of interactions of the relativistic 
and geometrical-deformational origin. The terms of 
the sixth and higher orders with respect to the annihi-
lation and creation operators are of a particular inter-
est; they naturally follow from the given theory as 
terms corresponding to the simultaneous interaction 
of more than two electrons and have a characteristic 
significance from the viewpoint of statistical estima-
tion for interactions of the particle system. This fact 
indicates the dependence of the band structure on tem-
perature, implied by electron interactions of a collision 
type and by the interchange of spin orientations. Of 
course, the established temperature dependence is 
quite different in its character from that usually taken 
into account, influenced by oscillations of the crys-
tallographic lattice [6]. 

Following the usual procedure of the second quan-
tization [21], we arrive at an expression for the hamil-
tonian H associated with the energy W , which is of the 
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form 

H= Z t^.al X IXQQ.X. a+
x a + ae. 

A, X' äqq' Ä' 

+ 5 Z Lkaxx e'v at a^ a+ a„.aQ.ax, Xgxx'e' 

+ °(ll a l ax- II3)' (48) 

where at resp. aÄ denote the creation resp. annihila-
tion operators, while the matrix elements txx., lXeQ. 
and L i e x x . e . y contain the one-, two- and three-
particle interactions, chosen according to (47). We 
have to notice that A4 gives the tems of the second and 
fourth orders, while A6 the terms of the second, fourth 
and sixth orders. 

An analysis of (47) shows that the linear dependence 
of the energy of the hyperfine interactions on the values 
of electrons and nuclear spins holds with the exactness 
to o(e), thus proving with that exactness the theorem 
of Oguchi; the parameters e° permit to estimate the 
influence of higher orders' terms, but it is interesting 
that in strong fields there may occur nonlinear inter-
actions, forseen in a natural way by the theory. 

The form (47) of the energy W and the related form 
(48) of the hamiltonian H indicate also the appearance 
of corrections to the electron correlation functions, 
describing the electron states density, which yields a 
change of the charge density distribution, the work 
function, and the other parameters characterizing the 
system of electrons. In particular, the autocorrelation 
of electrons, describing the behaviour of an electron at 
two different instants, expresses a dereal izat ion of 
that electron, pointing out a finite life time of the 
definite quantum state of the electron. As an interest-
ing example we may here mention the reversing of the 
spin orientation and the autocorrelation time which 
describe the blurring of that process. In the nonrela-
tivistic theory, the spin autocorrelation correspond-
ing to the two-particle autocorrelation of the type 

exp (i y t^j (ar
+

T ar] - ar\ ar[) 

' exp i y t^j (a + ar] - ar
+

T ari) 

is determined by a diffusion-type equation. When in-
cluding a relativistic approach connected with the 
hamiltonian (48), in particular the dependence on A6 

and following addends in (47), we will arrive at 
establishing the influence of the higher order correla-
tion on the relaxation processes and hence on the 

spectrum lines widening, implemented by the autocor-
relation time as well. That influence is of a more com-
plicated character since it depends intrinsically on the 
temperature via the occurrence of many-particle inter-
actions. 

6. Conclusions 

The relativistic approach to the many-electron prob-
lem as a generalisation of the Breit equation in the 
geometry corresponding to a Hurwitz pair (BM, V) 
with an arbitrary pseudo-riemannian metric g leads to 
an effective hamiltonian H, given by (48), acting in the 
space of observations M The hamiltonian includes a 
number of interactions being a consequence of the 
supposed space-time in the spirit of the Kaluza-Klein 
theory of an arbitrary order p = 8 k + 5, where k +1 
denotes the number of electrons in question. In the 
roughest approximation corresponding to the infinite 
velocity of interactions, H reduces to the well-kown 
nonrelativistic form as the direct counterpart of the 
Schrödinger equation in terms of the second quantiza-
tion. The interactions occurring, which correspond to 
the relativistic notion of space-time, can be identified 
with the respective terms appearing in the develop-
ment of the Dirac equation or, more precisely, of the 
Dirac-Maxwell system. 

Our proposal for the generalised Breit equation 
(33), including the pseudo-riemannian geometry and 
the Clifford structures in the form of Hurwitz pairs, 
leads to further types of interactions which are con-
nected with the richness of the Clifford algebras, re-
flecting the intrinsic symmetries of the system. This 
confirms and mathematically justifies the fact that in-
teractions within a particle system are not only a sim-
ple sum of interparticles, but also depend on the sym-
metry (more precisely: broken symmetry) properties 
of the space in which the particles occur (in our formal-
ism: of the space created by the particles with all 
physical parameters like mass, charges, etc., intrinsi-
cally included in the pseudo-riemannian Hurwitz pair 
geometry [2, 3, 10]). 

In the case of two particles {k = 1), in contrast to the 
usual Pauli theory [16], instead of two systems of spins 
we have 24fc = 16 systems of reduced spins (<r,9), 
q = 1 , . . . , 16. Two of them, corresponding e.g. to two 
electrons, are introduced by the equalities (43); the 
others corresponding to 14 types of interactions, may 
be defined analogously. This difference in approach 
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has an important consequence: the Hint contribution 
to the Dirac-like hamiltonian remains unchanged 
when passing to the Schrödinger-like expression (40) 
for the energy W = ]T Wq. Consequently, in spite of a 
considerable increase of the number of unknowns, 
from the computational point of view the new system 
of differential equations is not more complicated than 
(33), the initial one. 

Next, in the light of our previous papers [22] we can 
see that the Dirac-like system of (33) always generates 
a generalised Kadomtsev-Petviashvili system of differ-
ential equations having, in general, soliton solutions. 
Namely, let us consider the operators Dq in (33), deter-
mined by (36). We associate with them pseudo-differ-
ential operators 

Wq(t) = Iv + u'q (z, t)0qyl + u2
q(z, t)(Dq)~2 + ..., 

z e M , 
where t = (t1,t2,...) is a system of infinitely many 
parameters. We set Lq(t) = WqDq W~1 (not being 
summed). Then we can see that Lq(t) determines an 
isospectral deformation of Dq: any eigenfunction Äq of 
the equation Lq{t)W = Xq

l¥ remains fixed, indepen-
dently of the choice of t. The corresponding Kadom-
tsev-Petviashvili system reads 

-£-Lq = [(L"q)+,Lq], »1 = 1 ,2 , . . . , (49) 

where 

and L" is defined as L" ~1 L. 
Therefore, when inserting to the hamiltonian the 

variational expressions of the type (20) for the metric 
and of the type (28) for the spinor connections, we may 
utilize the method of isospectral deformations related 
to (49). In terms of Hurwitz pairs and the related 
supercomplex structures [12], this method is reflected 
by the theorem stating that, given a Hurwitz pair 
(BM, V), a deformation of any complex structure J (in 
the usual sense) of the complexified vector space V is 
isospectral if and only if the deformed Hurwitz pair 
has the same normalized related Clifford algebra in 
the sense of Theorem 1 in Ref. [17], determined via the 
eigenvalue z of the endomorphism J, being a point of 
the fibre space M : 
Jf=z-f for f e V, where •: TzMxV->V. (50) 

The theorem can still be generalised by replacing that 
point by any point of a suitably chosen Stiefel mani-
fold of dimension p— 1; cf. Refs. [23, 12]. 

The general considerations connected with the 
problem in question let us also formulate some con-
clusions concerning the concrete characteristics of the 
system. One of them is the self-consistency of the elec-
tromagnetic field and its connection with the shape of 
the metric. As forseen in our previous papers [2, 3,11], 
the formulae (44) for the energy and (48) for the effec-
tive hamiltonian imply the occurrence of the electro-
magnetic field generated by the dipole interactions 
which come from the spin orientations characterized 
by the generators of Clifford algebras being a general-
isation of the Dirac matrices. In the case of a system 
of electrons, bounded by a surface, the flux of the 
electromagnetic field, manifesting itself as a deforma-
tion of the space outside the object, determines in a 
natural way the demagnetizing fields existing in the 
region over the surface. The occurrence of those fields, 
experimentally measurable, enables us to determine 
the boundary conditions for solutions describing the 
electron density distribution inside the system. In the 
sense of the geometrical approach to the problem, the 
boundary conditions can be expressed via deforma-
tion of the metric in the region close to the surface. 

The latter conclusion can be joined with the appli-
cability of the theorem of Goldstone [24] referring to 
the mass spectrum of the particles, with a description 
of systems of the skyrmions [25]. That description is 
also intrinsically related to the machinery of Clifford 
algebras and analyses, and thus leading, in particular, 
to equations of the Kadomtsev-Petviashvili type with 
soliton solutions [22, 26]. From the viewpoint of the 
imposed boundary conditions we can generalise the 
causes of occurrence of the boson particles; namely, 
they reduce either to the lack of deformation or to a 
sufficiently strong deformation manifesting itself out-
side the crystal by solitary waves. In this sense a defor-
mation of the symmetry of interactions, i.e. the sym-
metry breaking, and a suitably preassumed 
deformation of geometry or, more generally, also of 
the related supercomplex structure, are mutually 
equivalent. 

The above conclusions show that the present paper 
gives a further development of the research pro-
gramme initiated in [5] and then continued in [3]. 
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